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Abstract 
Let K(G) denote the clique graph of a graph G. If q is a class of graphs, then define K(W) to be 
{K(G): G&}. The class QF is called a clique-closed class if V= K(%‘). A graph G is said to have the 
D,-property if G has both the Helly and’the T,-properties. In this paper, we show that the class of 
D,-graphs is clique-closed. 
1. Introduction 
All graphs considered in this paper are undirected, connected, finite, loopless and 
without multiple edges. We use V(G) and E(G) to denote, respectively, the sets of 
vertices and edges of a graph G. Undefined terms and notations can be found in [3]. 
A clique of a graph G is defined to be a complete subgraph of G, which is not 
contained in any larger complete subgraph of G. The clique graph K(G) of G is a graph 
having the cliques of G as vertices, two vertices of K(G) being adjacent if and only if 
the corresponding cliques have a nonempty intersection. 
Let %’ be a class of graphs and K(g) be the class of clique graphs of all members 
from %‘, i.e. K(w)= {K(G): GE%?}. If %‘=K(%‘)), the class %? is said to be clique-closed. 
To date, only a few clique-closed classes have been identified. A graph G is called 
a D-graph if every set (Ci: iE1) of cliques of G, no two of which are disjoint (i.e. 
CinCj#$ for all i, je1), has nonempty total intersection (i.e. n{Ci: ill} ~8). 
Escalante [2] showed that the class of D-graphs is clique-closed. A graph G is called 
a time-graph if there is a bijective real function f on V(G) such that, for u #u, 
(u,u)EE(G) if and only if If(u)-f(u)1 d 1. Hedman [4] showed that the class of time 
graphs is clique-closed. An edge which belongs to more than one clique of a given 
graph is called a multicliqual edge. Lim and Peng [6] proved that the class of graphs 
without multicliqual edges is clique-closed. The class of strongly chordal graphs, 
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which is a subclass of D-graphs and includes the class of time graphs, is shown to be 
clique-closed by Chen and Lih [l]. 
A graph G has the TO-property if for any two distinct vertices x,y of G, there exists 
a clique C of G with XEC but y$C or YEC but x$C. G is said to have the T,-property if 
there exist cliques C and D of G such that XEC but y#C and YED but ~$0. A D-graph 
G is called a Do-graph (resp. Di-graph) if it has the TO (resp. TI) property. In this paper, 
we show that the class of D,-graphs is clique-closed. However, it is also shown that the 
class of DO-graphs is not clique-closed. 
2. The main theorem 
The main purpose of this paper is to prove the following theorem. 
Theorem 2.1. The class of D,-graphs is clique-closed. 
Before we prove this theorem, we shall first prove some results which are necessary 
for the proof of the main theorem. 
Denote by H + the graph obtained from the clique graph K(H) of a D-graph H by 
adding a new vertex x’ for each vertex x in H and joining x’ to all the vertices in K(H) 
corresponding to the cliques in H containing x. 
Then we have the following result. 
Lemma 2.2. Any clique of H + contains exactly one of the new vertices x’ and each x’ is 
contained in exactly one clique of H +. 
Proof. Let Q be any clique of H +. Consider Q’=QnK(H). Since H is a D-graph, 
f-j{C: CkQ’}#!k 
Then, since Q is a clique, there exists some 
x~n {C: CEQ’} 
such that x’EQ. Furthermore, Q contains exactly one x’ for, if ~‘EQ, then x’ and y’ are 
adjacent, which is impossible. Hence, any clique of H+ contains exactly one x’. 
Let Q be any clique of H + containing x’. From the above argument, since 
Q contains exactly one x’, we can write 
Q-x’={GK(H): XEC} 
and, hence, 
Q= (C&(H): XEC) u {x’} . 
Hence, Q is the only clique of H + containing x’. q 
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Lemma 2.3. 
K(H+)EH. 
Proof. It follows from Lemma 2.2 that the cliques of H + correspond to the vertices of 
H. Furthermore, the common vertices of the two cliques C, and C, of H + containing, 
respectively, the new vertices x’ and y’ correspond to the cliques in H containing both 
x and y. It follows that C, and C, have a common vertex if and only if there is a clique 
in H containing both x and y, i.e. if and only if x and y are joined by an edge in H. In 
other words, C, and C, are adjacent in K(H ‘) if and only if x and y are adjacent in H. 
Hence, K(H ‘)g H. q 
Theorem 2.4. Let G be a D-graph. Then K(G) is a D-graph. 
Proof. (This proof is similar to the proof by Escalante [2].) Let {Ci: iEZ} be a set of 
cliques of K(G) such that CinCj#@ for all i, jE1. Our aim is to prove that r){Ci: 
kl} #O. 
Suppose that Ci = (Qi,: 1 d k < mi}. Note that each Qik (1~ k < mi) is a clique of G. 
Since Ci is a clique of K(G), QiknQi,#@ f or all k #q, 1 <k, q < mi. Consequently, 
n{Qik: l<kdmi}#0 since G is a D-graph. Let XiEn{Qi,: l<k<mi}, iEZ. 
Since CinCj#@ for all i, jEZ, Qik= QjpECinCj for some 1 < k<mi and some 
1 <p < mj. Consequently, xi is adjacent to xj for all i,jEZ. Hence, there exists a clique, 
say Q, of G containing {xi: iEZ}. Since XiEQnQik, QnQ,#@ for all iEZ, 1 <k<mi. By 
the maximality of Ci, it follows that QeCi for all iEZ. Hence, n {Ci: iEZ} #@ Cl 
Theorem 2.5. Let H be a D-graph. Then H is the clique graph of some D-graph. 
Proof. By Lemma 2.3, K(H ‘)= H. We shall now prove that H + is a D-graph. Let 
{Ci: iEZ} be a set of cliques of Hf such that CinCj#@ for all i,jEZ. Our aim is to 
prove that 
(J{Ci: iEZ} #0. 
By Lemma 2.2, for all iEZ, 
Ci={Qit,Qizv.. .y Qi,,,i'}, 
where each Qik (1~ k < mi) is a clique of H containing the vertex ie H and i’ is a new 
vertex added to K(H) in the construction of H +. It follows that 
iEn{Qi,: l<k<mi}, iel. 
Since CinCj#@ for all i, jEZ, Qir, = Qj,ECinCj for some 1 <k < mi and some 
1 <p<mj. Consequently, i is adjacent to j for all i, jEZ. Hence, there exists a clique, 
say Q, of H containing {i: &Z}. Since ieQnQi,, QnQik#8 for all iel, 1 <k<mi. By 
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the maximality of Ci, QEC~ for all ill. Hence, 
n{Ci: iEZ}#@. 0 
Combining Theorems 2.4 and 2.5, we get the following result. 
Theorem 2.6. The class of D-graphs is clique-closed. 
Lemma 2.7. Let G be a D1-graph. For each vertex XEG, let K(x) be the induced 
subgraph of K(G) with vertex set 
@K(G): x~c). 
Then, K(x) is a clique of K(G). 
Proof. Note that K(x) is a complete subgraph of K(G), so if it is not a clique, there 
exists some DEK(G) such that ~$0, but CnD#@ for all CEK(X). Let S = ~(QEK(x)). 
Since G is a D-graph and SnD is an intersection of a family of pairwise nondisjoint 
cliques of G, SnD#@. We shall prove that K(x) is a clique of K(G) by deriving 
a contradiction SnD=@. Clearly, XES but x#D, so x$SnD. Moreover, for any LEG 
with y#x, since G has the T,-property, there is some QEK(x) with y#Q so y$S. 
Hence, y$SnD. Thus, SnD=@ and hence K(x) is a clique of K(G). I? 
Theorem 2.8. Let G be a D1-graph. Then K(G) is a D1-graph. 
Proof. Let G be a D,-graph. Then, from Theorem 2.4, K(G) is a D-graph. We shall 
now prove that K(G) has the T,-property. 
Let C1 #Cze V(K(G)). Our aim is to prove that there exist Qi, Q*E V(K “(G)) with 
C1eQ1, C,$Qi and C2~QZ, C1#Q2. If C, and C2 are disjoint cliques of G, the result is 
obvious. Suppose C1 and C2 are nondisjoint cliques of G. Since Ci # Cz, there exist 
XEC,\Cz, YEC2\CI. Since G is a D,-graph, from Lemma 2.7, we obtain 
K(x)EV(K’(G)), where K(x)=(CEV(K(G)): XEC}. Hence, C1~K(x), C,$K(x). Sim- 
ilarly, C2cK(y), Ci $K(y). Hence, K(G) is a Di-graph. Cl 
Lemma 2.9. Let G be a D,-graph and let Q be a clique of K(G). Then 
ln{C: c~Q}l=l. 
Proof. Suppose that Q = (CL: iEZ}. Note that each Ci, iEZ, is a clique of G. Since Q is 
a clique of K(G), CinCj#@ for all i#j, i, jEZ. Consequently, n{Ci: ill} #@I since G is 
a D-graph. Let xEn{Ci: iEZ}. 
Claim that 1 n {Ci: ieZ}l= 1. Suppose to the contrary that there exists y#x, and 
y~n{Ci: iEZ}. Then x, Y~Ci for all iEZ. Furthermore, by the maximality of Q, any 
vertex of K(G) which corresponds to a clique of G containing the vertices x or y must 
belong to the clique Q. It follows that every clique of G containing x (resp. y) must also 
contain y (resp. x). 
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Hence, there does not exist C, DEK(G) such that XEC, x$D and YED, y$C. This 
contradicts with the fact that G has the Ti property. Hence, the result follows. 0 
Theorem 2.10. Let G be a D,-graph. Then G is the clique graph of a D1-graph H. 
Proof. Let G be a D,-graph and let H = K(G). Then by Theorem 2.8, H is a D,-graph. 
Claim that GzK(H). To see this, define a function 
f: V(G)+ I’(K(W) 
by f(x)= K(x). From Lemma 2.7, K(x) is a clique of K(G) and hence K(x)E V(K(H)). 
Furthermore, the common vertices of the two cliques K(x) and K(y) of K(G) 
correspond to the cliques in G containing both x and y. It follows that K(x) and K(y) 
have a common vertex if and only if there is a clique in G containing both x and y, i.e. if 
and only if x and y are joined by an edge in G. In other words, K(x) and K(y) are 
adjacent in K(H) if and only if x and y are adjacent in G. 
It remains to show that f is onto. Let Q be a vertex of K(H). Then Q is a clique of 
K(G). Lemma 2.9 implies that 1 n {C: CEQ)I = 1. Let n{C: CEQ} = (x}. Then by the 
maximality of clique and Lemma 2.7, K(x)= {C: CEQ}. Hence, f(x)=Q. Thus, 
G g K(H) and the proof is complete. q 
Combining Theorems 2.8 and 2.10, we obtain Theorem 2.1. 
3. Some related results 
From the proof of Theorem 2.10, we obtain Theorem 2.1 of Lim [S] which can be 
restated as follows. 
Theorem 3.1. Let G be a D,-graph. Then GzK2(G). 
ti K(G) K2W> 
Fig. 1 
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Cliques of G: 
C1 = {a, b, h) 
&={a, b, c> 
G={b, c, d} 
G={b, c, e> 
G={c, 5 f} 
e G={c, f, g> 
Fig. 2. 
Cliques of K(G): 
Fig. 3. 
Remarks (1) Theorem 3.1 cannot be extended to DO-graphs. This is illustrated 
in Fig. 1. G does not have the 7‘,-property but is a DO-graph. However, 
G $ K2(G). 
(2) The class of D,-graphs is not clique-closed. 
G is a DO-graph but K(G) is not a DO-graph (see Fig. 2 and Fig. 3). 
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Fig. 4 
Fig. 5. 
(3) A strongly chordal graph need not be a D,-graph (see Fig. 4). On the other 
hand, a D,-graph need not be a strongly chordal graph (see Fig. 5). 
(4) Every circuit is a III-graph but not a strongly chordal graph. 
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